Optimal Hardy inequalities for general elliptic operators with 
improvements 

Craig CowarQ 

Department of Mathematics 
University of British Columbia 
Vancouver, B.C., Canada, V6T 1Z2 

Abstract 

We establish Hardy inequalities of the form 

f \Vu\ 2 A dx>j f ^f^ u 2 dx, ueF^n) (l) 

where E is a positive function defined in Q, —div(AX7 E) is a nonnegative nonzero finite measure in Q 
which we denote by fi and where A(x) isanxn symmetric, uniformly positive definite matrix defined 
in 0. with \£\ A := A(x)£ ■ £ for £ £ R n . We show that © is optimal if E = on dQ or E = oo on the 
support of \i and is not attained in either case. When E = on dfl we show 

/ |V«ft<k > - f ¥ff^u 2 dx + i / u G ffo 1 ^) (2) 

is optimal and not attained. Optimal weighted versions of these inequalities are also established. Optimal 
analogous versions of {JXJ) and Q are established for p ^ 2 which, in the case that /i is a Dirac mass, 
answers a best constant question posed by Adimurthi and Sekar (see [AS]). 

Since the above inequalities do not attain a standard question to ask is for what functions < V(x) 
do we have 

f \Vu\ 2 A dx>\ f \ V ^ A u 2 dx+ [ V{x)u 2 dx, ue#o(fi). (3) 
Jn 4 J n E J n 

Necessary and sufficient conditions on V are obtained (in terms of the solvability of a linear pde) for © 
to hold. Analogous results involving improvements are obtained for the weighted versions. 

We establish optimal inequalities which are similar to (fjrj and are valid for u £ H 1 ^). We obtain 
results on improvements of this inequality which are similar to the above results on improvements. In 
addition weighted versions of this inequality are also obtained. 

We remark that most of the known Hardy inequalities (in the case where p = 2) can be obtained, via 
the above approach, by making suitable choices for E and A(x). 



1 Introduction 

We begin by recalling the various Hardy inequalities. Let Q be a bounded domain in R n containing the 
origin and where n > 3. Then Hardy's inequality (see [OK]) asserts that 

| o | V „^>(!^)7 n ^, ,4, 

for all u € Hq(Q,). Moreover the constant ( 2l j^) 2 is optimal and not attained. An analogous result asserts 
that for any bounded convex domain Q C K n with smooth boundary and S(x) := dist{x,d£l) (the euclidean 
distance from x to dft), there holds (sec [BM]) 

/„ iv - |2iE s i L <5) 
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for all u G Hq(£1). Moreover the constant | is optimal and not attained. We will refer to this inequality as 
Hardy's boundary inequality. 

Recently Hardy inequalities involving more general distance functions than the distance to the origin or 
distance to the boundary have been studied (see [BFT]). Suppose is a domain in R n and M a piecewise 
smooth surface of co-dimension k, k = 1, ...,n. In case k = n we adopt the convention that M is a point, 
say, the origin. Set d(x) := dist(x,M). Suppose k ^ 2 and —Ad 2 ~ k > in Q\M then 

for all u € Hq(SV\M). We comment that the above inequalities all have L p analogs. 

In the last few years improved versions of the above inequalities have been obtained, in the sense 
that non- negative terms are added to the right hand sides of the inequalities; see [BV], [BM], [BFT], 
[BMS] , [FT] , [FHT] , [VS] . One common type of improvement for the above Hardy inequalities are the so called 
potentials; we call < V(x), defined in O, a potential for (J4| provided 

/ \Vu\ 2 dx - ( f ^dx> f V{x)u 2 dx, ueH^(n). 
Jq V 2 J J n \x\ J n 

Most of the results in this direction are explicit examples of potentials V where, in the best results, V is an 
infinite series involving complicated inductively defined functions. Very recently Ghoussoub and Moradifam 
[GM] gave the following necessary and sufficient conditions for a radial function V(x) = v{\x\) to be a 
potential in the case of Hardy's inequality (Q on a radial domain f2: 

V is a potential if and only if there exists a positive function y(r) which solves y" + + vy = in 
(OjSup^gQ |af|). 

In another direction people have considered Hardy inequalities for operators more general than the 
Laplacian. One case of this is the results obtained by Adimurthi and A. Sekar [AS]: 

Suppose O is a smooth domain in W l which contains the origin, A(x) — ((<z* J '(a:))) denotes a symmetric, 
uniformly positive definite matrix with suitably smooth coefficients and for £ € K™ we define \£\ 2 A :— '•= 

A( x )£. ' Now suppose E is a solution of Ca, p {E) :— —div V E\ p ^ 2 AV E^ = Sq in fl with E = on dfl 

where Sq is the Dirac mass at 0. Then for all u S W ' P (Q) 

Improvements of this inequality were also obtained and they posed the following question: Is optimal? 

We show this is the case, even for a more general inequality. 

After completion of this work we noticed that various people had taken a similar approach to generalized 
Hardy inequalities, see [DL], [KMO],[LW]. 



1.1 Outline and approach 

Our approach will be similar to the one taken by Adimurthi and A. Sekar but we mostly concentrate on the 
quadratic case (p — 2) and for this we define Ca{E) :— —div(AVE). 

We now motivate our main inequality. Suppose £ is a smooth positive function defined in fi. Let 
u e C^°(f2) and set v :— E~u. Then a calculation shows that 

ir, 12 |V#|i 2 r,.r, l2 AVE-V(v 2 ) . n 

\Vu\a--j^tU 2 = E\Vv\\ + 11 

and after integrating this over f2 we obtain 

Vu\ 2 A dx-] f \^A u 2 dx= f E\\7v\ 2 A dx + l f ^C A (E)dx. (7) 
n ^JnE z J n 2 Jn E 
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If we further assume that £a(E) > in f2 then 



1 I IV-EI 2 

Vu\\dx > - / ' * A u 2 dx, ueH^{Q). (8) 
From this we see that the optimal constant C(E) 

C(E) :=inf( /"j^ rfx: u G ^ x (n)\{0} 1 > ± 

It is possible to show that for all non-zero u £ (f2) we have 

E\Vv\ 2 A dx > 0, 

where v is defined as above. Using this and ([7|) one sees that if C(E) = j then C(E) is not attained and 

hence if C(E) is attained then C(E) > 4. This shows that ^ V ^ A needs to be singular if we want C(-E) = 4. 

In fact one can show that Hq (£1) is compactly embedded in £ 2 (£1, dx) if V ^ A € L p (f2) for some p > S 
and so one could then apply standard compactness arguments to show that C(E) is attained. We are only 

interested in the case where C'(E) = i and hence we need to ensure is singular and this can be done 

in two obvious ways. This naturally leads one to consider the following two classes of functions E (weights). 

Definition 1.1. Suppose < E in £1 and Ca(E) is a nonnegative nonzero finite measure in Q denoted by 
fi. 

1) If in addition E 6 Hq(Q,) then we call E a boundary weight on CI. 

2) If in addition E £ C°°(Q\K) where K C O denotes the support of fi, E = oo on K and dimbox(K) < 
n — 2 (see below) then we call E an interior weight on fl. 

Given a compact subset K of R" we define the box-counting dimension (entropy dimension) of K by 

dinibox a) := n - lim — — 

r\o log(r) 

provided this limit exists and where K r := {x G fl : dist(x, K) < r} and TL a is the a- dimensional Hausdorff 
measure. 

Remark 1.1. It is possible to show that C®' 1 (fl\K) is dense in W ' P (Q) provided K is compact and 
dimbox(K) <n — p (use appropriate Lipschitz cut off functions). 

From here on fi will denote the measure Ca(E) and in the case where E is an interior weight on f2, K 
will denote the support of /i. 

We now list the main results. 
We show that if E is either an interior or a boundary weight in Q then we have the following inequality: 

\Vu\\dx - - [ ^^ A u 2 dx > 0, ue #1(0) (9) 

with optimal constant which is not attained. 

In the case that E is a boundary weight on Q we obtain 



/ \Vu\\dx - - I l ^u 2 dx > \ f ^d M , u e H^(Q). 



P*-u 2 dx > - [ "' 2 
in *Jn ^ 2 Jn 

Moreover | is optimal (once one fixes \) and is not attained. 



(10) 



3 



Using the methods developed in [GM] we obtain necessary and sufficient conditions on < V(x) to be a 
potential for ([9]) in the case where E is an interior weight. We show that the following are equivalent: 
1) For alltt 6 f^(Q) 

\Vu\\dx - \ [ ^^u 2 dx > [ V{x)u 2 dx. 

4 .In E Ja 



2) There exists some < 9 £ C 2 (tt\K) such that 

-L A {9) \VE\\ 

e ae 2 



V < in n\K. (11) 



If we further assume that E — 7 > (constant) on d£l and if we are only interested in potentials of the form 
V(x) = f{E)\VE\\ then we can replace 2) with 
2') There exists some < h £ C 2 (7,oo) such that 

h"(t) + (7(i) + h(t) < 0, in (7, 00). (12) 

In practice this ode classification is more useful because of the shear abundance of ode results in the literature. 

We obtain weighted versions of (J9j) (respectively (flUf ) in the case that E is an interior weight (respec- 
tively boundary weight) on which can be viewed as generalized versions of the Caffcrclli-Kohn-Nirenberg 
inequality. To be more precise we obtain: 
Suppose E is an interior weight on ft and t ^ \. Then 

/ E 2t \Vu\\dx> {t-\f f \VE\ 2 A E 2t - 2 u 2 dx, (13) 

for all u £ C®' 1 (il\K) . Moreover the constant is optimal and not attained in the naturally induced function 
space. 

Suppose E is a boundary weight on 17 and 7^ t < \. Then (fl~3| holds for all u £ C^°(tt) and is not attained 
in the naturally induced function space. Similarly 

\ E 2t \\7u\ 2 A dx~(t-h 2 f \VE\ 2 A E 2t ~ 2 u 2 dx>{\-t) f E 2t - l u 2 d^ (14) 

for all u £ C^°(0). Moreover the constant on the right is optimal and not attained in the natural function 
space. In addition we show that the class of potentials for (|T3)) is given by {E 2t V : V is a potential for (0}. 

We also examine generalized Hardy inequalities which are valid for functions u £ i? 1 (SI) . Suppose E a 
positive function with C A (E) + E a nonnegative nonzero finite measure denoted by /1, E = 00 on the K (as 
before K denotes the support of ju) and where we assume that E satisfies a Neumann boundary condition. 
Then 2 

\Vu\ 2 A dx + I [ u 2 dx > - f ^^ A u 2 dx, u £ H\n). (15) 
2 Jn 4 J n E 

Moreover these constants are optimal (in the sense that if one is fixed then the other is optimal). Im- 
provements of (|T5|) are also obtained. Assuming the same conditions on E we show that for < V we 
have 







/ u 2 dx - - I 


In 


" 2 , 


In ^Jn 



E 2 

if and only if there exists some < 9 £ C°°{£l\K) such that 



dx > [ V{x)u 2 dx, u £ H l (Q) 
Jn 



C A {e)- 9 - + ^±0 + V9<Q mn\K, (16) 
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with AV9 ■ v = on <951. 

Weighted version of (fl~5]) are established. Assuming the same conditions on E we show that for t ^ \ we 
have 

J E 2t \\7u\ 2 A dx + i J E 2t u 2 dx > (t-^) E 2t - 2 \X7E\ 2 A u 2 dx, 

for all u £ (fl\K) . Moreover the constants are optimal and not obtained in the naturally induced function 
space. 

We establish optimal Hardy inequalities which are valid on exterior and annular domains. Suppose 51 is 
a exterior domain in K™, E > in R' 1 , limi x i_ >00 E — 0, —AE = /i in R™ where /i is a nonzero nonnegative 
finite measure with compact support K. In addition we assume that dist(K, 51) > and d v E > on 50. 
We define £) 1 (S1 U 551) to be the completion of C^°(£l U <951) with respect to the norm ||Vtt||x,2(Q). Then 

(i) For all u£D 1 (flU 551) we have 

j^u\ 2 dx>\jj^lu 2 dx. (17) 

Moreover the constant is optimal and not attained. 

(ii) For all u € D x (Vl U 951) we have 

/ \Vu\ 2 dx > \ \ ^u 2 dx + \ [ ^fdS(x). (18) 

Now suppose 51 = na\Oi where 51i CC SI2 are both connected and 51 is connected. Suppose < E in 
O2 and — A_B = in 51 2 where /i is a nonnegative nonzero finite measure compactly supported in 51i. In 
addition we assume that E = on dfl2 and <9„£? < on dQi. Then fT?]) is optimal and not attained over 
7^(51 U dili) := {u £ H 1 ^) : u = on <951 2 }. 

Optimal non-quadratic Hardy inequalities are also obtained in both the interior and boundary cases. 



1.2 Examples 

We now look at various examples of Hardy inequalities (and applications of) which can be obtained after 
making suitable choices of weights E and matrices A. In most of the examples we will take A to be the 
identity matrix. 

1. Hardy's inequality: Let 51 denote a domain in R" (n > 3) which contains the origin and set 
E(x) := \x\ 2 - n . Then —AE = c5 Q where c> and 6 is the Dirac mass at 0. Also = (^) 2 ^ 
and so ([9]) gives the Hardy's inequality. 

2. Hardy's inequality in dimension two: Now suppose 51 is a domain in M 2 which contains the 
origin. Put E(x) := — log(i? _1 |x|) where R := sup |sc|. Then —AE = c5o where c > and putting E 
into © gives 

1 r u 2 

\X7u\ 2 dx > - / 5 dx, u e C c °°(0). 

11 " 4j laflog 2 ^- 1 ^!) c 

3. Hardy's boundary inequality: Let 57 denote a bounded convex set in R n and set E(x) := 5(x) := 
dist(x,dil). Since 51 is convex one can show 6 is concave and hence — AS > in 51. Putting E into 
pop gives an improved version of ([5]). 

4. Hardy's boundary inequality in the unit ball: Let B denote the unit ball in 1" and set 
E(x) := 1 - |a:|. Putting E into (JTUJ) gives 

\Vu\ 2 dx>- f U ] ds+ILll / " 2 ^ ^GCr(B). 
4 7b (1- Fir 2 7 B |a;|(l - jar]) 
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5. Intermediate case: Set E(x) := d{x) 2 k where d and k are as in ©. Since —AE > we obtain 
© after subbing E into ©. 

6. Hardy's boundary inequality in the half space: Let R™ denote the half space and set E(x) := 
disi(a;,R™) = x n . Then putting E into © gives 




u e C C °°(R"). 



Maz'ja (see [M]) obtained the following improvement 




u 6 C~(R^). 



One might ask whether we can take a more symmetrical potential in the improvement, say something 
like V(x) = f(x n ) where / is strictly positive. Using our ode classification of potentials we will see 
that this is not possible. 

7. Hardy's inequality valid for u 6 i? 1 (J7): Let B denote the unit ball in R 3 and set E(x) := 
l^j-igbl^ Then a computation shows that 

—AE + E = 4ir 2 S in B 

and where d v E = on dB. Here 5q is the Dirac mass at 0. Putting E into (fT"5|) we see that 

/ \Vu\ 2 dx + ~ f u 2 dx>\ [ ^~^ )2 u 2 dx, ueH^B), 

J B 2 J B 4 J B \x\ 

Also the constants are optimal (in the sense mentioned in (fT"5|) ) and are not attained. 

8. iif 1 (SI) Hardy inequalities in exterior domains: Let f2 denote an exterior domain in R™ with 
n > 3, ^ VL and such that v (x) ■ x < for all x £ <9fi. Setting E := |x| 2 ~™ in (JT7J) we obtain 

for all u £ (fi U dfl) . Moreover the constant is optimal and not attained in the naturally induced 
function space. 

9. Hardy's inequality in a annular domain: Assume that € Oi CC Br C R 2 where Oj is 
connected and Br is the open ball centered at with radius R. In addition we assume that x ■ v{x) > 
on <90i where v is the outward pointing normal. Define Q := Br\Qi, which we assume is connected, 
and set E(x) := — log(i?~ 1 |x|). Then by the above mentioned results on annular domains one has 

/ |Vu| 2 c?x > — f t dx, 

Jn ~ 4 7o \x\ 2 \og 2 (R~i\x\) 

for all u € Hq{Q U f2i). Moreover the constant is optimal and not attained. 

10. Suppose E > in fi, let / : (0,oo) -> (0,oo) and set E := f(E). Putting E into for E gives 

/„ ^ >- L ^ iwm - 9m) ^' + \ L ^W 1 ^ » - ™ 

An important example will be when f(E) := E 1 where < t < 1; in fact we will use E(x) :— S(x) t 
(S(x) := dist(x, d£l)) to show that if one drops the requirement that fi is a finite measure (and just 
assumes jj, a locally finite measure) ([9]) need not be optimal. 
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11. Eigenvalue bound: Let fi be a bounded subset of 1™ and E > 0, C A (E) > in with |V-E|| = 1 
a.e. in 57. Let A^(fi) denote the first eigenvalue of La in ffg(O). Then A J 4(J7)||i?||| /00 > To show 
this one puts f(z) :— sin 2 ( 2 ||g^ oo ) into the above result and drops the term involving the measure. 

12. Suppose E is an interior weight on 57 with E = 1 on 951. Then by using the above result with 
/(£/) := (log(£'))2 one obtains the inequality 

Jo Id iti -E 2 log (J5j 

Taking instead f(E) := E\og(E) gives 

/ \Vu\\dx > - { l0g2{E l + 1 U 2 dx, U G FnVn). 

in " 4io E 2 log 2 (£) 0V ^ 

13. Poincare's inequality in an unbounded slab: In general 

f \Vu\ 2 dx>C [ u 2 dx, ueC c °°(51) 
Jn Jn 

does not hold for unbounded domains. It is known that for certain unbounded domains the inequality 
does in fact hold. One example would be £1 := {x £ M™ : < x n < ir}. We now use ([7]) to show a 
slightly stronger result. Put E(x) := s'm(x n ) into ((7]) and drop a term to arrive at 

[ \Vu(x)\ 2 dx > - [ U ^) 2 dx + - [ u(x) 2 dx, u £C™(n). 
Jn 4 J a tan z (x n ) 2 J n 

14. Hardy's boundary inequality in a cone: Put 57 := (0, oo) x (0, oo) and E(x) := dist(x, 957) = 
min{xi, x 2 }- Then — AE = \^2a where a is the measure associated with the line L := {x : X2 — xi}. 
Putting E into (Jjj gives 

/ \Vu\ 2 dx > - J - . f dx + 1=1 -da, u G Cf(57). 

Jn 4 J n {mm{xi,x 2 }y a/2 Jt mm-kri, ar 2 } 

15. Suppose -A0 = 1 in fi with = on 9fi. Define E := - 1. Then -AE = te^(l - i|V0| 2 ) which 
is non-negative for sufficiently small t > 0. Then E is a boundary weight and hence putting E into 
OH gives 

f ,„ i2j * 2 /" e 2 ^|V0| 2 2 , t /■ e*^(l - t|V0| 2 ) 2 , „ 1/ri , 

which is optimal. Sending t \ recovers (ITUl) with E = (p. 

16. Trace theorem: Let 57 denote a domain in R n where n > 3 and such that B CC 51 (here B is the 
unit ball). Define 

* (a ° = { M > 1. 

A computation shows that — AE = ca where c > and where a is the surface measure associated with 
dB. Putting this E into (fit)]) and dropping a couple of terms gives 

[\Vu\ 2 dx>^-[ u 2 da : weC c °°(57). 
Jn 2 J as 
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17. Regularity: Suppose E £ Lf£ c (Q.) is a positive solution to Ca(E) = fi in f2 where [i is locally finite 
measure. Then using ([9]) we see that E £ Hl oc (Q). 

18. Baouendi-Grushin operator: Here we mention that various operators can be put into the form we 
are interested in. Suppose f2 is an open subset of = K™ x Mr and £ G is written £ = (x, y) using 
the above decomposition of M. N . For 7 > one defines the vector field V 7 := (V x , |^| 7 Vj,) and the 
Baouendi-Grushin operator Ca '■= — — Ix^Aj,. Take 

A{0 ( ^ °\x\ 2 ~<I k ) 

where /„, Ik are the identity matrices of size n and k. Then |V 7 -E| 2 = | V-Ej^ and —div(AWE) = Ca{E). 



2 Main Results 

Throughout this article we shall assume that fl is a bounded connected domain in R ra (unless otherwise 
mentioned) with smooth boundary and A(x) = ((a l ' J (x))) is a n x n symmetric, uniformly positive definite 
matrix with a lJ G C°°(n) and for £ S R™ we define := \£\ 2 A , x) := A(a:)£ • £. 

If i? is an interior weight or a boundary weight on Q we have, by the strong maximum principle (see [V]), 
E bounded away from zero on compact subsets of Q. 

The following theorem gives the main inequalities. In addition we consider a slight generalization of the 
case where E is a boundary weight on f2. 

Theorem 2.1. (i) Suppose E is either an interior or a boundary weight on f2. Then 

jjVu\\dx-\jJ^u 2 dx>0, (19) 

for all u £ Hq (f2) . Moreover j is optimal and not attained, 
(ii) Suppose E is a boundary weight on fl. Then 

for all u £ Hq(£1). Moreover | is optimal (once one fixes j) and is not attained. 

(Hi) Suppose E £ C°°(Ti) with E > 0, C A {E) > in Q andT := {x £ dfl : E(x) = 0} contains 

B(xo, r) n dfl for some xo £ dQ, and r > 0. Then M9\) is optimal. 

Remark 2.1. One can consider more general functions E. Most of the results (including the above one) 
concerning interior weights on fi can be generalized to the case where Ca(E) = fi + h, here fi is again a 
nonnegative nonzero finite measure and h is a suitably smooth non-negative function. 

We begin by justifying ([7|). 

Lemma 2.1. (i) Suppose E is an interior weight on fi. Then 

f \Vu\\dx - ± jf ] -^^u 2 dx > j E\Wv\ A dx, (21) 

for all u £ C®' 1 (Q\K) and where v :— E~u. 

(ii) Suppose E is a boundary weight on f2. Then 

[ \Vu\\dx-- [ ^i M 2 dx> f E\Vv\\dx + \ [ ^d/x, (22) 
for all u £ Hq(Q) and v := E~u. 
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Proof, (i) Since E is smooth away from K and noting the supports of both u and v the integration by 
parts used in obtaining ([7]) is valid. 

(ii) Now suppose E in a boundary weight. Extend E to all of E ra by setting E — outside of f2 and let 

E e denote the e mollification of E 1 . Let u £ C£°(f2), i/ e := E e 2 u and define F £ :— Ca(E £ ). Now one easily 
obtains ([7]) but with E and i> replaced with E s ,v £ . Standard arguments show that uE^ 1 — > uE^ 1 in iJp (f2), 
|VE £ |3iE7 2 -> |V£?|^ -2 ,^ e |Vu e |^ -> £|Vv|3i a.e. in and uF e -± u/j, in if -1 (ft). Using these results 
along with Fatou's lemma allows us to pass to the limit. 

□ 

Remark 2.2. When we prove our various Hardy inequalities, which all stem from we will generally drop 
the term 




To show the given inequality does not attain we will generally just not drop this term. This term is positive 
for non-zero u provided u is not a multiple of \~E. Since \f~E~ ^ Hq (ft) this will not be an issue. In theorem 
\2.°2\ this will be a concern. 

As usual we will need an ample supply of test functions for best constant calculations. The next lemma 
provides this. When E is an interior weight we let g denote a solution to Ca{9) = in ft with g — E on dCl. 

Lemma 2.2. Suppose E is an interior weight on ft and < 7 := rninan E. Then 

(i) u t := E* - g l £ iJ^ft) for 0< t < \. 

(ii) Define I(t) := J n \VE\ 2 A E 2t ~ 2 dx. Then I(t) is finite for t < \ and I(t) -> 00 as t / \. 

(ii) Suppose E = 7 > on <9ft. Define u tjT := E l \og r (y~ 1 E) and 

J t (r) := f E 2t - 2 \VE\ 2 A \og 2T - 2 ( 1 ' 1 E)dx. 
Jn 

Then Vt jT £ -ffp(ft) for < t < | and t > ~. Moreover for each < t < ~ we have Jt(r) — ► 00 as t \ |. 

Proof. We prove the results up to some unjustified integration by parts; which can be justified by regularizing 
the measure, integrating by parts and passing to limits. 

(i), (ii) Fix < t < \ and then note that |Vu t | 2 < CE 2t ~ 2 \VE\ 2 A + Cg 2t ~ 2 \ Vg\\ where C is some uniform 
constant. The term involving g is harmless. Now multiply Ca(E) = /i by E 2t ~ 1 and integrate over ft to 
obtain 

(l-2t) [ E 2t - 2 \VE\ 2 A dx = - [ g 2t -\AVE) -v 
Jn JdQ 

= e{t) - [ {AVE) ■ v 
Jon 

= e(t) - / div{AVE)dx 
Jn 

= e(t)+ M (fi), 

where e(t) — > as t f i. Note J -E 12 ' -1 ^/! = since t < | and E = 00 on K. From this we see that 
I(t) = f Q |V E\ A E 2t ~ 2 dx < 00 and so u t £ i?o(ft). We also see that lim 4/ »i I(t) = 00. 

(iii) Take 0<t<^,T>^ and v t . T defined as above. One easily sees that v ttT is continuous near 9ft and 
vanishes on <9ft. So to show vt, T £ #o(ft) it is sufficient to show 

wi := E 2t - 2 |VS| 2 log 2T ( 7 - 1 S), w 2 := E 2t - 2 \VE\ 2 \og 2r ~ 2 E) £ L X {Q). 

These functions are only singular near K and <9ft. Now set W T := E 2t ~ 2 \VE\ 2 \og 2T ~ 2 ('f~ 1 E) and so 
W2 = W T and w-y — W T +i- Now suppose t' £ (t, ^) and so 

W T+1 = E 2t '- 2 \VE\ 2 l ° g2 ^J~2t E) < CE 2t '- 2 \VE\ 2 near K , 
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and so wi = W T +i € L 1 (A" e ) where A £ is a small neighborhood of A". Now note that u>2 is better behaved 
than w\ near K and so we also have W2 £ L 1 (A e ). 

Define Sl e := {x e S7 : < 7 + e} and take £ > sufficiently small such that K C S1\S72 £ . Now using the 
co-area formula we have 

f E 2t - 2 \VE\ 2 \og 2T - 2 { 1 ~ 1 E)dx < sup|VA| f E 2t ~ 2 log 2T ~ 2 ("f^ 1 E)\V E\dx 

< C s 2t ~ 2 \og 2T ~ 2 (s)d S , 



which is finite for r > \. So we see that W2 € I/ 1 (f2 E ) for sufficiently small e > and noting that w\ is better 
behaved near dVl than W2 we have the same for w±. Combining these results we see that w tjT £ i?g(Sl). 
Fix < < < I and r > |. By Hopf's lemma we have |VA(a:)| bounded away from zero on Sl e for e > 
sufficiently small; fix e > sufficiently small. Then 

J t (r) > C [ A 2t " 2 log 2r - 2 ( 7 - 1 A)|VA|dx 

> C .s 2t - 2 log 2r - 2 (s)ds, 

and a computation shows the last integral becomes unbounded as t \ i. 

□ 

Proof of theorem I2.lt (i) Using lemma |2~T1 and, in the case where A is a interior weight on SI, the fact 
that C° ,1 (ri\AT) is dense in ATg (SI) we obtain (fT9|) . We now show the constant is optimal. Suppose E is an 
interior weight on SI and define E e :— e + E, g e := e + g where e > 0. Define I E (t) :— J n \V E e \ 2 A E 2t ~ 2 dx. 
As in the proof of lemma [2~2l one can show that for each e > lim t ^i I e (t) — 00. We use Ut. £ '■= E\ — g\ as 
test functions. Let < t < \ and e > 0. Then 



J n \Vu t ^\ 2 A dx t 2 I e (t) + C + C 1V ^) 



j n \i^l u 2 sdx - i e (t)-c 2 i e (D-c 3 i s (oy 



where the constants Ck possibly depend on s. From this we see that lim t/ ^.i Qt >e = \ after recalling Q t , e > \. 
Now fix e > and let u £ C£°(f2) be non-zero. Then a simple computation shows 

J n \Vu\ 2 A dx < J^Vi^ris 
/n E 2 A u 2 dx J Q gr 1 " 2 ^ 

which, when combined with the above facts, gives the desired best constant result. To see j is not attained 
use (|2Ti 

Now suppose A is a boundary weight on SI, e > and t>\. Define f e {z) := z 2t_1 — e 2t_1 for 2 > e and 
otherwise. Using f E (E) 6 -ffo(Sl) as a * es * function in the pde associated with E one obtains, after sending 

£\0, 

(2£-l) / A 2t - 2 |VA| 2 4 dx= f E 2t - X d^ (23) 

which shows that E f 6 #o(Sl) for i < £ < 1. To see | is optimal in (p~9j) use E l (as £ \ i) as a minimizing 
sequence. 

(ii) Suppose A is a boundary weight on SI. Let \ < t < 1 and so E 1 S (SI) . Using (|2"5|) we have 

/jv^ii^-i^^i^) 2 ,^ 1 
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which shows that ^ is optimal. 

(iii) Suppose E is as in the hypothesis. The only issue is whether | is optimal. Without loss of generality 
assume that e dfl and B(0, 2R) fl 9S1 C T. Suppose < r < R and define 



x 



e 0(r) 



<K*)'>={ * e Q(i?)\Q(r) 

{ x e n\Q(R), 

where £l(r) :— B(0, r) n ft. Define u t :— E 1 ^ which can be shown to be an element of Hq (f2) for t > i. One 
uses Ut as t \ | as a minimizing sequence along with arguments similar to the above to show j is optimal. 

□ 

The following example shows that if we just assume that < E E ifg(f2) with Ca(E) a locally finite 
measure then (fT!?]) need not be optimal. 

Example 2.1. Tafce 17 a bounded convex domain in K" and se< := dist(x,dil). Fix h < t < 1 and set 
£ := 5 l e i?o(^)- T/le " 

V, ' :| ^ (U :=-AS = f(l-<)<5 t - 2 +t ( 5 t - 1 (-A ( 5)>0 ft, 



£ 2 5 2 ' 
and so putting E into U9\) gives 



u 2 

Vu\ 2 dx > — I -^dx, 



for u £ Hq(£1). This shows that U9\) was not optimal. This apparent failure of theorem \2.1\ is due to the 
fact pi not a finite measure; use the co-area formula to show <5* 2 ^ 

We now give an alternate way to view best constants in (|20|) . Define C to be the set of (/?, a) E M 2 such 
that 



/ \X7u\\dx>a f ^^-u 2 dx + [3 [ ^-dfi, uEH^Q). 
Jq Jo, & Jn & 



(24) 



Theorem 2.2. Suppose E S L°°(ft) is a boundary weight on Q. Then 
C= a) :(3> ~ a</3-/? 2 ju (-oo, ~ 



X — 00, - 

1 ' 4 



= :C. 



Moreover \2J$ does attain on V := {(t, t — r 2 ) : r > ^} C dC and does not attain on dC\T. 

Proof. Using similar arguments to the above one can show that E l £ H\ (ft) for all i > \. Suppose (f3, a) S C. 
If (3 > \ then testing (gj) on u := E 13 shows that a < f3 - f3 2 . If (3 < | then testing (gU on u := and 
sending t \ | shows that a < -| . Now for the other inclusion. 

Fix i > 1 and put i? 2 := E 1 . Then we have 

iV^li JVE\\ C A (E 2 ) . \VE\ 2 A t C A (E) 



= t z ' ' A v y = tfl-t1 — IA +t- 



E 2 " E 2 ' £ 2 " v * " 7 £ 2 ' " £ 

Putting E = E 2 into (TTU^ we obtain 

L ™> >A-^ L l ^" 2d * + 1 L P"- (25) 

and so we see that (5,5 — j) £ C for all t > 1. From this we see that the curve a — (3 — 1 for (3 > \ is 
contained in C. It is straightforward to see the remaining portion of dC is contained in C. 
To see the inequality does not attain when (f3, a) € dC\T use the fact that © does not attain in Hq and 
the fact that /j, > 0. To see the inequality does attain on the remaining portion of dC note that ([23)) attains 
at u := £5 6 i^(fi) for t > 1. □ 
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We now give a result relating to the first eigenvalue of La on subdomains of O. Suppose (E, Aa(^)) is 
the first eigenpair (with E > 0) of Ca on H^fl) and for B C fl we let Aa(-B) denote the first eigenvalue of 
C A on Hl{B). 

Corollary 2.1. Le£ E be as above. For B C we set 

inf^i, sup ^1. 

(%) Ifa{B) > A A (0) i/ien 



(nj If\ A {ty > a(B) then 



4A A (£) > 



4A A (£) > 



( g (g) + A A (r>)) 2 

(a(B) + X A (n)) 2 



a(B) 

Proof. Let 5 C and let u £ C™(B) with j B u 2 = 1. Using (25]) gives 



2 | b |Vuftdr >(*--) inf + A^(n)t, 



for < t < 2. If i > 2 then we get the same expression but with the infimum replaced with supremum. Now 

4®i < 2 and in case (ii) set t:=l+ 



take the infimum over u and in case (i) set t := 1 + ^4§y < 2 and in case (ii) set f := 1 + -=757 > 2 to see 



the result. 

□ 

2.1 Weighted versions 

We now examine weighted versions of the above inequalities which, as mentioned earlier, can be seen as 
analogs of Cafferelli-Kohn-Nirenbcrg inequalities. We now introduce the spaces we work in. 

Definition 2.1. Fort eU we define \\u\\ 2 := f n E 2t \Vu\ 2 A dx. 

Suppose E is an interior weight on Q. We define Xt to be the completion of C®' 1 (Cl\K) with respect to || • \\t- 
In the case that E is a boundary weight on O we define Xt to be the completion o/C° ,1 (f2) with respect to 
the same norm. 

Remark 2.3. One should note that if E is an interior weight on fl and t > i then X t does not contain 
C£°(f2). To see this use {jjgp to see that if C£°(f2) C X t then E l G Hl oc {Vl) which we know to be false. For 
t < | we do have C c °°(fi) C X t . 

Theorem 2.3. Suppose t ^ i and E an interior weight on Q. Then 

f E 2t \Vu\\dx> {t~\) 2 f \VE\ 2 A E 2t - 2 u 2 dx, (26) 

for all u S X t . Moreover the constant is optimal and not attained. 

Proof. Let t ^ 0, ±, u € C®' l {Sl\K) and define w := E l u € Cy(Q\K). Put w into 

ww\ 2 A dx> - 1 r^M^dx, 



E 2 

and re-group to obtain (|2"6")) . We now show the constant is optimal. Let v m £ C^^^XK) be such that 

_ J n \Vv m \ 2 A dx 1 

m '~ r iv g li 2 ^ 4' 
in -^ v m dx 
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Define u m := E v m € X t . A computation shows that 



J n E 2t \Vu m \ 2 A dx 



and since D m — > j we see that (t — i) 2 is optimal. 

For the case 7 := rningn E > we can show the constant is not obtained by using later results on improve- 
ments. If 7 = we then sub w into ([7]) instead of (fT9|) and hold onto the extra term 

f £|V(.E*-*u)|ida: 

to see the optimal constant is not attained. 

□ 

Theorem 2.4. (%) Suppose 7^ £ < 5 and E is a boundary weight on il. Then 

f E 2t \Vu\ 2 A dx-{t-\) 2 f \WE\ 2 A E 2t - 2 u 2 dx>0, (27) 

/or oZi it S X t ■ Moreover the constant is optimal and not attained, 
(ii) Suppose 7^ t < i and E is a boundary weight on f2. Then 

f E 2t \Vu\ 2 A dx-(t-h 2 f \X7E\ 2 A E 2t - 2 u 2 dx>(l-t) f E 2t - l u 2 d^ (28) 
Jn 2 J n 2 J n 

for all u £ X t . Moreover the constant on the right is optimal and not attained. 
(Hi) Suppose t > 5 afid -E € L°°(f2) is a boundary weight on ft. Then 



f f E 2t |VM|2,dx 4 r ,1 



Proof. We first prove (|28p for u 6 C®' 1 ^) which then gives us (j2"Tj) for the same class of it's. Suppose 
7^ £ < I and _E is a boundary weight on Q. We now use the notation introduced in the proof of lemma [27X1 
namely E £ is the standard mollification of E and F £ := C A (E e ). Recall that for any u £ C®' 1 ^) we have 
uF e — ► uji in i/ _1 (r2) and that we have 

for all v € #o(^)- Now let u € C° ,:L (f2) and set v := E\u e C° ,:L (n). Putting u into the above gives 



/ E 2t \Wu\ 2 A dx>(t-h 2 [ \VE e \\E?- 2 u 2 dx + {\-t) ( E 2t -\ 2 F e dx. 
Jn 2 I Jq 

Now since E 2t — > E 2t in L} oc (Q) we have 

/ E 2t \\7u\ 2 A dx ^ [ E 2t \X7u\ 2 A dx, 
Jn Jn 

and using similar ideas from the proof of lemma 12.11 one can show that 

Ef- l u 2 F e dx -> / E 2t - X u 2 dv. 



(29) 



<> 



So using these results, sending e \ in lj2"5)) and after an application of Fatou's lemma we arrive at l|28p for 
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Now we show the constants are optimal. Recalling the proof of theorem 12.11 there exists v m € C£°(fi) such 
that 

J n \Vv m \ 2 A dx 1 _ / n |V«mlA<^ -I In I 

Define u m := E^ t v m which one easily sees is an element of X t . Then 

f n E 2t \Vu m \ 2 A dx „ f n rV Vu m -AVJ?da; 

_ /^iV^ris- (t- l) 2 VV^g^XA _ „ , * in ^vldx - 2t J n E^v m Vv m ■ AVEdx 

Using E £1 F e as defined above one can show, using similar methods, that 

2 / E^VmVvm ■ AVEdx = [ ^dfi + I ^^v 2 m dx. (30) 
Jn Jn E J n E l 

So from this we see that 



3v = D m +ir -t-t 



2 , In /: ''/' 



In E 2 A V rn,dx 



and noting that 



JO E 2 "m Ui 

we see that (f2~T)) is optimal. Similarly one sees using (|30[) that ^ m = F m — t and hence (|2"5|) is optimal. 
To show the constants are not obtained we as usual hold on to the extra term that we dropped in the above 
calculations. Since J n E~ 1 \VE\\dx = oo one can show this extra term is positive for u <E X t \{0}. 
(iii) Now take t > | and E a boundary weight on Q. For e, r > but small define 



E < e 

E r - e T E > e. 



Then u e>T € X t . Now use the sequence u m where u m := u £ 
T m := mT 1 . 



2.2 More general weighted inequalities 

We now investigate the possibility of inequalities of the form 



□ 



W(x)\Vu\ 2 A dx > / U{x)u 2 dx, u € C%' l {£l\K). 
n Jn 

Theorem 2.5. Suppose E is an interior weight on f2 with 7 := mingnE and < / € C°°(7, 00). Then 

Jj{E) 2 \Vu\\dx> JjVE\ 2 A [l^ + f(E)r(E^u 2 dx, (31) 

for all u £ C®' 1 (Q\K) . In addition this is optimal (in the sense that the optimal constant is 1) z/liminf^oo f"(z) > 
or i/lim^oc ^jjjy- = 0. 
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Proof. Let u £ C%< l (il\K) and define w := f(E)u £ C^^K). Putting w into (TjJJ), integrating by parts 
and re-grouping gives (f3Tj) . Let u m £ C°' 1 (ri\if) be such that 



D m := 



j n \VVm\ 2 dx 1 



Without loss of generality we can assume the supports of v m concentrate on K. Define u rn := ypjy £ 
C° ,1 (r2\i ; C). Then a computation shows that 

J n f(E) 2 \Vu m \ 2 A dx 



J n \S7E\\(m^ + f(E)f"(E))uldx 
f n \Vv^\dx + f n ^fi E K ldx 

Jn 4_B 2 "m"' 1 ^ JO f (E)' 2 (; m"' i ' 

Now suppose liminfg—Kjo f"(z) > 0. Then using the monotonicity of x y- > §4^, where a and /3 are positive 



2 f" ( \ 

constants, shows Q m — > 1. Now suppose lim z ^oo z j^ z ) = 0- Using this and the fact that the u m 's support 



se lim^oo - jj^j = 0. Using this a 

concentrates on K one easily sees that 

in 7(E) 



JQ f(E) 2 u m ux 



In ae'-^ v mdx 



0. 



Using this one sees that Q m — > 1. 

□ 



2.3 Improvements 

We now investigate the possibility of improving (fT9|) in the sense of potentials. The method we employ was 
first used by Ghoussoub and Moradifam (see [GM]). We now define precisely what we mean by a potential. 
Suppose E is an interior weight on f2 and < V £ C°°(n\K) (recall K is the support of fx). We say V is a 
potential for E provided 

/ \Vu\\dx - \ ( \^A u 2 dx > f V{x)u 2 dx, (32) 
Jn 4 J n E J n 

for all u £ Hq(SY). We analogously define a potential V for the case that E is a boundary weight on except 
we restrict our attention to < V £ C°°(f2). The next theorem gives necessary and sufficient conditions for 
V to be a potential of E in terms of solvability of a singular linear equation. For the necessary direction we 
will need to assume some conditions on Q. 

(Bl) Suppose E is an interior weight on £1. We assume that that there exists a sequence (f2 m ) m of 
non-empty subdomains of £1 which are connected, have a smooth boundary, fi m CC Q\K, il m CC fi m +i 
and Q\K = U m f2 m . 

(B2) Suppose E is a boundary weight on O. We assume that there exists a sequence (O m ) m of non-empty 
subdomains of which are connected, have a smooth boundary, f2 m CC Q m +i and il = U m f2 m . 

Theorem 2.6. (interior improvements) Suppose E is an interior weight on Vl and < V £ C°° (Sl\K) . 

(i) Suppose there exists some < tfi £ C (Cl\K) such that 

- C A {4>) + AWE ^ V(t> + V4> < inCL\K. (33) 
E 
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Then V is a potential for E. After the change of variables 9 := E^cf) one sees that it is sufficient to find a 
< 9 £ C 2 {n\K) such that 



'C A {9) , \VE 



( . , 4£ , ,-V<0 in!l\K. (34) 

(ii) Suppose V is a potential for E and Q satisfies (Bl). Then there exists some < 9 £ C°° (il\K) 
which satisfies {3J$ . 

It is important to note that the above theorem can be used (in theory) for best constant calculations; 
without the need for constructing appropriate minimizing sequences. To see this suppose < V is a potential 
for the interior weight E and let C(V) > denote the associated best constant, ie 

, s f folVuftdx- \ L^£^u 2 dx „ r 1 

C(F):=mf| ^ U S JX E : U6^ ( n)\{0}|. 

Then one sees that 

C(V) = sup jc> : 30 < 9 G C 2 (fi\if ) si. + + c y < in 0\^T^| 



4£ 2 - x J • 

After theorem 12. 9[ which is analogous result to the above theorem but phrased in terms of solvability of 
a linear ode, this remark on best constants will be of more importance because of the shear magnitude of 
results concerning solvability of ode's. 

Theorem 2.7. (boundary improvements) Suppose E is a boundary weight on £1 and < V G C°°(0). 

(i) Suppose E £ C 0,1 (Q), V is a potential for E and Q satisfies (B2). Then there exists some 
< 9 G C 1,0 (n) for alla< \ such that 

"^■"^■^O inn. (35) 



6» 4£ 2 
(ii) Suppose there exists some 



+ 1/ < infi. (36) 



£0 2E 

Then V is a potential for E. 

Remark 2.4. Note that putting 9 := i?2 mfo 135)) gives, at least formally, S35\) . Also one can replace /i 
by the absolutely continuous part of /i in i36\) . 

Proof of theorem 12.61 (i) Suppose V £ C°°(fl\K) is non-negative and there exists some < (j> £ 
C 2 (fl\K) which solves ([3"3"|). Let u £ C° A (n\K) and define v := E^u so by lemma HO we have 



i r \ve 



2 



Nu\\dx - - / 1 ^ A u 2 dx = / ^V^da;. 

«/ fa i/ fi 

Now define ip G Cc' 1 by w := </>"0- A calculation shows that 

E\Vv\ 2 A = £V> 2 |V<^ + ^IVV'Ia + 2EcfnpAS/4> • V^, (37) 
and integrating, by parts, the last term over Q we obtain 

/ ip 2 E\V(j>Wdx + 2 j <t)ipEA\7<j)-\7iPdx = [ i\j 2 (Ca{4>)4>E — <pA\I E ■ V0) dx 
Jn Jn Jn 



U A I — '- i ,h 

n 



r (i\ AVE-V<t> 
2 I t-AW 



Q, 
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but by Q > J Q V{x)u 2 dx and so we see 

/ \Vu\\dx-\ / ^ V ^ A tt 2 rfx > / E<j) 2 \\7il)\ 2 A dx+ [ Vu 2 dx, 
Jn 4 Jq E Jq Jq 

for all u G C®' 1 (Q\K) . Now since C^' 1 (U\K) is dense in -ffg(f2) and using Fatou's lemma one can show (f3"2")) 
holds for all u G £$(0). 

(ii) Now suppose U G C°°(r2\-Rr) is a potential for and (O m ) m is the sequence of domains from assump- 
tion (Bl). Define the elliptic operator P by 

P{u) :=L A {u)-^^u-Vu. 

Using a standard constrained minimization argument along with the strong maximum principle there exists 
some < m G Hg(Cl m ) such that 

P(Sm) — A m m in Q m 

8 m = on dSl m , (38) 

where < A m , ie. (8 m , A m ) is the first eigenpair of P in i?o(fi m ). Since ifg(fi m ) C i?o(fi m +i) we see that 
A m is decreasing and hence there exists some < A such that A m \ A. Let xq G n m f2 m and suitably scale 
9 m such that m (xo) = 1 for all m. Now fix k and let m > k + 1. Then 

P{0m) ~ KnOm = mQfc+1, 

and we now apply Harnacks inequality to the operator P — X m to see there exists some such that 

sup(0 m )<C fc inf(0 m )<C fc . 

So we see that (0 m ) is bounded in Lf£ c (Sl\K). Now applying elliptic regularity theory and a bootstrap 
argument one sees that (0 m )m>k+i is bounded in C 1,a (Qfc) for a < 1 and after applying a diagonal argument 
one sees that there exists some non-zero < G C 1 '" (ri\iiT) such that m — > in C 1,Q (J7fe) for all k. Using 
this convergence one can pass to the limit in (|38|) to see that P(0) = \9 in Q\K and after applying the 
strong maximum principle on Q m one sees that > in Q\K. Now applying regularity theory one sees that 

0eC°°(n\K). 

□ 

Proof of theorem 12. 71 (i) The proof is essentially unchanged from the proof of theorem 12.61 

(ii) Again the proof is the same as in t heor em 1 2 . 6 1 except now the measure /i does not drop out. □ 



The next theorem gives some explicit examples of potentials. 

Theorem 2.8. (i) Suppose E is an interior weight on il, < 7 := min^n E and < / G C 2 ((7, 00)). 
Then for all u G C®' 1 (tt\K) we have 

/o|v ^ 4/n ^ i/o Si ( . r(E) .£|))^ 

In particular by taking f(E) := y // log("/~ 1 E) we obtain 

\Vu\\dx - - [ ] ^$±u 2 dx > - [ u 2 dx, (39) 

' U *Ja E 2 ~ iJ n E 2 log 2 (j-^E) V ' 
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for all u £ Hq(Q). Now suppose < 7 = E on dfl. Then j (on the right hand side of \S9\) ) is optimal, 
(ii) Suppose E € L°°(Q) is a boundary weight. Then 



j |V.,> - \ I >_ I / pJg^ (40, 



/or a/Z it S i?o(51). 



Proof, (i) Let E be an interior weight on f2, 7 := mingsi E > and suppose < / € C 2 ((7, 00)). Put 
:= /(E) into (|33[) to obtain the result. 

Now take /(E) := v / log(7" 1 E) to obtain <J3HJ» for all u € C? ,:l (fi\if) and extend to all of £$(0) by density 
and by Fatou's lemma. We now show | is optimal. 

Fix < t < \ and for r > | define u r := E* log r (7 _1 E). By lemma l2~2l u T 6 EZq (fi). A computation shows 
that 

f n \Vu T \\d X -U Q ^uldx 1 / E 2 *- 2 |VE|ilog 2 -(E 7 - 1 )& 

/n ^Sfe-T^ ' 4 /n^- 2 |VE|ilog-- 2 (E7-)^ 



+r 2 

^ / E^ 2 |VE|ilog 2 - 1 (E7- 1 )^ 
T / E 2 *- 2 |VE| 2 4 log 2T - 2 (E7- 1 )da; 
2 1 J t (r + 1) _ 2 J t (r + 1/2) 

= " ~ 7) — rr^ — hr +2ir — m — » 

4 J t (r) J t (r) 

where Jt(j) is defined in lemma [2~2"1 Sending r \ I and using results from lemma [2~2l we see i is optimal, 
(ii) Suppose E S L°°(Q) is a boundary weight on f2. Here we use the notation from the proof of lemma 
O E z := r] £ *E, F e := £^(E e ). Let < / G C 2 ((0, ||E|| Lao ]). Then starting at ^ for E e and decomposing 
v as usual one arrives at 

for all it € C£°(f2) after using methods similar to the proof of (i). Now take f(z) := J '— log( e || g | LOO ) and 
let u € C c °°(f7). Then one has 



where 

1 /■ 7#. 2 / 1 \ 

E F cfe. 




Using methods similar to ones used in the proof of lemma |2~T1 one easily sees that lim 6 \o -E > 0. Using this 
and standard results on convolutions and Fatou's lemma we obtain the desired inequality for u S C^°(Q) 
and we then extend to all of £Tq(0). 

□ 

We now obtain a more useful (than (|34|) ) necessary and sufficient condition for V to be a potential for E; 
at least in the case where E is an interior weight on and E = 7 > on 90. As in theorem 12.61 wc assume 
some geometrical properties of 0. 
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Theorem 2.9. (Interior improvements using ode methods) Suppose E is an interior weight on fi, 
E — 7 > on dil, < / G C°°(7, oo) and 51 t :— {x <E : 7 + 7 < -E(ir) < £} *s connected for sufficiently 
large t. Then the following are equivalent: 

(i) For all u € H^{Q) 

[ \Vu\\dx-- [ \ V ®\ A u 2 dx> [ f{E)\VE\ 2 A u 2 dx. (43) 

(ii) There exists some < h € C 2 (7,oo) smc/i i/iai 

+ (/(*) + -L) Ht) < 0, (44) 



At 2 



in (7, 00). 



Proof. Let £ be an interior weight on f2, £7 = 7 > on <9f2 and < / € C°°(7, 00). 
(it) => (») 

Setting 6> := Ti(-E') and using (ii) along with theorem 12.61 gives (i). 
(*) (**)■ 

The proof will be similar to theorem 12.61 (ii). Let 7 < t m f 00 and define O m := {x e f2 : 7 + jL < 
2?(x) < i m }. By hypothesis we can take VL m to be connected and non-empty for each m. Now define 
Hq E (fl m ) ■= {4> S Hq (fi m ) : 4* is constant on level sets of E} and set 

F(4>) :=\f \V<t>\\dx, J{ct>) := i f \VE\ 2 A (f(E) + -^)0 2 dx, M m := {0 E H^f^) : J{4>) = 

Standard methods show the existence of < TO € Hq E (Ct m ) such that A m := infM m F = F(<fi m ) and hence 
CA{4> m ) = \ m \VE\ 2 A (f(E) + j^)<j) m in n m with <j> m = on <9fi TO . Since F^ )B (O m ) C H^ E (fl m+1 ) one sees 
that A m is decreasing and from (|43)l one sees that A m > 1 and hence there exists some A > 1 such that 
A m \ A. By suitably scaling <p m as before and after an application of Harnacks inequality we can assume 
that (f>m — * 4> m Cio"(^A^Q where > is nonzero and constant on level sets of E. Passing to the limit 
shows that 

C A (<j>) = \\X7E\ 2 A (f(E) + -^-) in n\K, 

and a strong maximum principle argument shows that > in Q\K. Since <fi constant on level sets of E 
we have <p = h(E) for some < h in (7, 00) and since <fi smooth on Q\K we see that h is smooth on (7, 00). 
Writing the equation for cf> in terms of h gives 

and using Hopfs lemma we can cancel the gradients. 

□ 



h"(E)\VE\ 2 A = Xh(E) ( f(E) + — \VE\\ in Sl\K, 



Using the vast knowledge of ode's one can use the above theorem to obtain various results concerning 
potentials of the form V(x) = \VE\ 2 A f(E). We don't exploit this fact other than to look at one result. 

Corollary 2.2. Suppose E is an interior potential on and E — on dtt. Then there no < / G C(0,oo) 
such that 

J \Vu\\dx - i J l -^ A u 2 dx > J f(E)\VE\\u 2 dx, u e Hl(n). 
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Proof. Suppose there is such a function /. Using the proof of theorem 12.91 one sees that there is some 
< h E C 2 (0, oo) such that 

h"(t) + \(f(t) + ^\h(t)=0, 



(0,oo) where A > 1. Now set h(t) = Vty(t) to see that 



= y"(t) + ^-+y(t)(\f(t) • A 1 
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in (0,oo) and y(t) > 0. But oscillation theory from ordinary differential equations shows this is impossible. 

□ 

Other than some regularity issues this ode approach extends immediately to the case where E is a 
boundary weight in Jl. Using this corollary (but in the boundary case) one can show the result mentioned in 
the examples section regarding improvements of Hardy's boundary inequality in the half space; the regularity 
is not an issue in this example since S(x) := dist(x, <9R™ ) = x n is smooth. 

We now present a result obtained by Avkhadiev and Wirths (see [AW]). Given a domain Jl in K™ we 
say it has finite inradius if S(x) :— dist(x,dfl) is bounded in ft. We let Ao (Lambs constant) denote the 
first positive zero of Jo(t) — 2tJi(t) where J n is the Bessel function of order n. Numerically one sees that 
A = 0.940.... Now for their result. 



Theorem 2.10. (Avkhadiev, Wirths) Suppose SI is a convex domain in K" with finite inradius. Then 
is optimal. 



This extends a result of H. Brezis and M. Marcus (see [BM]) which said that if is a convex subset of 
then 

1 f u 2 1 f 

IVuI'dfc > - ^ T2 dx + ^ uHx, u e *J(n) 

where diam(fl) denotes the diameter of f2. Note that there are unbounded convex domains with infinite 
diameter but finite inradius; for example take a cylinder. 

We establish a generalized version of this result. Suppose /x is a nonnegative nonzero locally finite measure 
in £1 (possibly unbounded) and < E e L°°(S!) is a solution to 

La{E) = H in fl 
\VE\ A = 1 a.e. in Q 
E = on dn. 



We then have the following theorem. 
Theorem 2.11. Suppose E is as above. Then 

\^u\\dx>\J^dx + J ^-J^dx, 

for allue C£°(0). 

Proof. Let E be as above. Now extend E to all of R" by setting E = on R n \fi, let E e denote the e 
mollification of E and F e :— Ca{E c ). Returning to the proof of theorem 12.81 (ii) we have 

\Vu\ A dx - - -^u dx > w (-f (E e ) - —j u dx + I e , 
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where 



for u € C^°(Q) and < / <G C 2 ((0, ||£^||x,oo]). Now set A := p^p — where Ao is Lambs constant and define 
f(t) := Jo(vAt). It is possible to show that 

/«>>0. (-,»(<)-«)= A, ,(,)„£$+ *>„ 

in (0, ||i?||ioo). Fixing u S C^°(17) and subbing this / into the above gives 

12 \2 



after noting that ||-B e ||/,oo < ||.E||j,oo and where I E := J n l(E E )u 2 F £ dx. It is possible to show that I S 
C°°((0, ||£'|| L oo]). A standard argument shows that Z(£' £ )w -> in and uF £ efe u/x in iJ _1 (Sl) 

and hence one can conclude that liminf^o I s > 0. Passing to the limit (as e \ 0) in the remaining integrals 
gives the desired result. □ 

We now look at improvements of the weighted generalized Hardy inequalities. The next theorem allows 
us to transfer our knowledge of improvements from the non-weighted case to the weighted case, at least in 
the case that E is an interior weight. 

Theorem 2.12. (Weighted interior improvements) Suppose E is an interior weight on f2 and < V G 

C oc (fl\K). Then the following are equivalent: 
(i) For all u £ Hl(n) 

\Vu\ 2 A dx>\ f ^^} A u 2 dx + f Vu 2 dx. (45) 



n 4 Jo E 2 



(ii) For all t ^ h and u £ X t 

[ E 2t \Vu\ 2 A dx>{t-\) 2 f \VE\ 2 A E 2t ~ 2 u 2 dx+ f VE 2t u 2 dx. (46) 
(Hi) For all u G Xi 

r E\\7u\ 2 A dx > { VEu 2 dx. (47) 



Using similar arguments one can obtain a version of theorem 12.121 for the case when E is a boundary 
weight on f2; we omit the details since the results is not as clean. 

Proof. Let E be an interior weight on and < V € C°°(fl\K). 

(i) => (n) 

Suppose (i) holds, t < \, u S C®' l (£l\K) and define v := E l u £ C* c ° 4 (f7\ J ftr). Then putting v into g5|) and 
performing some integration by parts gives (f46|) . 

(ii) =* (iii) 

Suppose (ii) holds. Let u € C®' 1 (tt\K) which is an element of Xt for all t. Now using (|46|) for this u and 
sending t / \ gives (jTT)) . 

(iii) =Ki) 

Suppose (iii) holds, u S C° ,1 (fi\i ; i') and w := E~u e C^^C^K). Putting v into {17} and integrating by 
parts gives (gSJ) for all u € C°' 1 (^\^)- 

□ 
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2.4 Hardy inequalities valid for u E H 1 ^) 

Let K be a compact subset of SI with dimb ox (K) < n — 2. Standard arguments show that C° ,1 (f2\i ; t') is 
dense in 

Definition 2.2. We say E is a Neumann interior weight on SI provided: there exists some compact K C SI, 
dimb ox (K) < n ~ 2, E S C^f^if), infn-E > 0, Ca(E) + E is a nonnegative nonzero measure fi whose 
support is K , E — oo on K and AVE ■ v = on dfl where v{x) denotes the outward normal vector at 

x g on. 

Theorem 2.13. Suppose E is a Neumann interior weight on SI. Then 



(i) For u G C®' 1 (Q\K) and v E ^ u we hav< 



1 f 1 f \\7 E\ 

Vu\ 2 A dx + - u 2 dx > - / 1 * A u 2 dx + I E\Vv\ 2 A dx. (48) 
n 2 J n 4 J n E 



(ii) 

1 f , , 1 f |V£ |2 



Vd 2 ,^ + - / u 2 dx > - / 1 * A u 2 dx, (49) 
n 2 Jn "4 7 n £ 2 

ZioZds for all u G iJ^Sl). Moreover j and ^ are optimal in the sense that if one fixes j then you can do no 
better than ^ and vice-versa. Also the inequality is not attained. 

One can again view the best constants in a different manner which is analogous to theorem !2.2l we omit 
the details. 

Proof. Let E be a Neumann interior weight on S7. 
(i) Let u E CyiT^K) and define v := E^u. Then 



| V£| 2 
4E 2 



|Vu|i = E\Vv\ 2 A + 1 ,J A u 2 + vVv ■ AVE, 



and integrating this over f2 gives 



2 



Vu\ 2 dx+- [ u 2 dx = - [ \^A u 2 dx+ I E\Vv\ 2 A dx. (50) 
n 2 J n -iJ n E 2 J n 

(ii) Using (i) and the fact that C^^iT) is dense in iJ^Sl) one obtains ([49]) for all u G i^ 1 (Sl). 
We now show the constants are optimal. We first show that E f 6 1 (SI) for < t < i. 
As in the proof of lemma [2~2l the following calculations are only formal but they can be justified as hinted 
at there; by first regularizing the measure, obtaining approximate solutions and passing to the limit. Fix 
< t < h and multiply Ca{E) + E = by E 21 ^ 1 and integrate over SI using integration by parts and the 
fact that E = oo on K along with the boundary conditions of E to see that 

f E 2t dx = (l-2t) [ E 2t - 2 \\7E\ 2 A dx, (51) 
Jn Jn 

which shows that E l G iJ 1 (SI) for < t < i. To show the constants are optimal we will use as a minimizing 
sequence E* as t /" |. A computation shows 

J n \VE%dx + y n E 2i dx 1 
J n ^E^dx 

and we see that j is optimal. One similarly shows ^ is optimal. 

To show the inequality does not attain we, as usual, just hold on to the extra term that we dropped in the 
above calculations. This term is positive for non-zero u G if 1 (ST) provided £2 £ H l {fl) which is the case 
after one considers (|5"lj) . 

□ 
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We now examine weighted versions of (|4"5|) . Suppose E is a Neumann interior weight on ft and as usual 
we let K denote the support of /i. For t ^ \ and u € C®' 1 (ft\if) we define 



Nl 



_/ f a E*\Vu\*dx + f a & t u*dx t<\ 
J n E 2t \Vu\ 2 dx i>§, 



and we let Y t denote the completion of C°' 1 (ft\.K') with respect to this norm. We then have the following 
theorem. 

Theorem 2.14. Suppose E is a Neumann interior weight on ft and t ^ |. Then 

E 2t \Vu\ 2 A dx + Q -tj J E 2t u 2 dx>{t-^j J E 2t - 2 \VE\ 2 A u 2 dx, 

for all u G Y t . Moreover the constants are optimal and not attained. 

Note in particular that for t > | one only has a gradient term on the left hand side and so we can 
conclude that C°°(ft) is not contained in Y t for t > i. 

Proof. Suppose E is a Neumann interior weight on ft, t ^ | and let u G C°' 1 (ri\iC). Putting E l u into (|4"5|) 
gives 

E 2t \Wu\ 2 A dx+ Q -tj J E 2t u 2 dx> (t-^j j E 2t ~ 2 \VE\ 2 A u 2 dx + J E\Ww\ 2 A dx 

where w := E l ~?-u. To show the constants are optimal one takes the same approach as in theorem 12.31 We 
now show the optimal constants are not obtained. Suppose we have equality for some nonzero ueYf. Then 
it is easily seen that y/E G if-^ft) which we know is not the case. 

□ 

We now examine improvements of (|49|) . 
Theorem 2.15. Suppose E is a Neumann interior weight on Q. Then 

(i) Suppose V e C°°(Q\K) and there exists some < <f> G C 2 (fl\K) n C^ft^if) such that 

- C A (4>) + AVE ^ V ^ + V(f> < inCl\K, (52) 
E 

with AVcf) ■ v > on <9ft. Then 

I |Vuft + J / u 2 di - 7 / ^S^« 2 ^ > / V(x)u 2 dx, 

for all u G if 1 (ft). _ 

(nj Suppose < V E C°°(Ti\K) is such that 

[ |Vufc + - / w 2 dx - - / ^pVdx > / K(a;)u 2 da:, 
./si 2 i Jsi E J n 

holds for all u G if 1 ^). /n addition we assume that {x G ft : -E(:e) < <} is connected for sufficiently large t. 
Then there exists some < 9 G C°°(ft\ir) suc/i i/ia< 

-£ A (0)-^ + i^||i0 + y0<O znft\K, (53) 

with AVO -v = Qon 5ft. 
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Note that one can go from ([52")) to (|55|) by using the change of variables 9 — (f)E% in the case that 
AV<j) ■ J/ = on dfi. 

Proof. The proof is similar to the proof of theorem 12.61 

□ 

Remark 2.5. One can obtain an analogous version of theorem \2.12\ for the case where E is an interior 
weight on f2 satisfying a Neumann boundary condition. 



2.5 inequalities for exterior and annular domains 

In this section we obtain optimal Hardy inequalities which are valid on exterior and annular domains. More- 
over these inequalities will be valid for functions u which are nonzero on various portions of the boundary. 
For simplicity we only consider the case where A(x) is the identity matrix and hence Ca = ~A; the results 
immediately generalize to the case where A(x) is not the identity matrix. We first examine the exterior 
domain case. 



Condition (Ext.): We suppose that E > in W 1 , —AE is a nonnegative nonzero finite measure (which 
we denote by fi) with compact support K and we let fl denote a connected exterior domain in R ra with 
dist(K, Q) > 0. In addition we assume that the compliment of f2 denoted by tt c is connected, lirui. r |_ ! . 0o E = Q 
and d v E > on dfl. 

We will work in the following function space. Let Z3 1 (fi U dfl) denote the completion of C^°(ft, U 90) 
with respect to the norm || Vm||£2(q). Note we don't require u to be zero on the boundary of dtt. We then 
have the following theorem. 

Theorem 2.16. Suppose E,fi, K, are as in condition (Ext.). Then 
(i) For all u G D 1 (flL) <9fi) we have 

\Vu\ 2 dx >-( l -^^u 2 dx. (54) 



4./n & 



Moreover the constant is optimal and not attained, 
(ii) For all u £ _D 1 (fi U <9f2) we have 



\Vu\ 2 dx > \ jf ^u 2 dx + \ ^dS(x). (55) 



Proof. Let u 6 C£°(fi U dVt) and set v := E ? u. Then as before we have 

|yp|2 2 

|Vw| 2 — -= — = E\Vv\ 2 + v\/v ■ VE, in ft. (56) 

AE Z 

Integrating the last term by parts gives 

/ vVv ■ VEdx = I f ±^dS(x). 
Jo. 2 J gn E 

We obtain (|55|) by integrating ((56)) over fl and since d v E > on dVt we obtain (|54)) . We now show the 
constant is optimal. For big R we set VIr := fi fl Br where Br is the ball centered at with radius R. Let 
i < t < 1 and multiply —AE = /i by E 21 ^ 1 and integrate over fl^ to obtain 



(24-1) f E 2t ~ 2 \VE\ 2 dx= [ d v EE 2t - x dS(x)+ [ d v EE 2t - x 
Jn R Jan Jbb r 



dS(x). 
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Using a Newtonian potential argument one can show that as R — * oo the surface integral over the ball Br 
goes to zero. So using this one sees that 

(2t-l) f E 2t - 2 \VE\ 2 dx= f d v EE 2t ^dS{x), (57) 
Jn Jon 

and so J n |V.E*| 2 cfa; < oo. With this along with a standard cut-off function argument one sees that E G 
Z5 1 (SI U <9S1). Now one uses as f \ | as a minimizing sequence to show that j is optimal. We now show 
the constant is not attained. Now assume that xq G <9S1 is such that E(xq) = min^n E. Then by Hopf's 
lemma d v E(xo) > and so using this along with continuity and (|57|) one sees that E* (fc D^Sl U dSl). Now 
to finish the proof it will be sufficient to show that 

/ E\Vv\ 2 dx > 
Jn 

for all nonzero u G D l (fL U 9S1). The only nonzero it's for which this integral is zero are multiples of E% 
which are not in D X {Q U <9S1). 

□ 

Example 2.2. Take SI a exterior domain in W 1 where n > 3, ^ Q, and such that v{x) ■ x < on dtt where 
v(x) is the outward pointing normal. Define E{x) := |a;| 2 ~" and use theorem \2.16\ to see that 

b^-i^Lw^ (58) 

for all u G D l {Vl U dft). Moreover the constant is optimal and not attained. In fact using (ii) from the same 
theorem shows we can add the following nonnegative term to the right hand side of i58\) : 

2 Jan M 
We now examine the annular domain case. 



Condition (Annul.): We assume that S7i CC SI2 are two bounded connected domains in R™ with smooth 
boundaries and S7 := f^^i is connected. In addition we assume that E > in SI2 with —AE = /1 in SI2 
where [i is a nonnegative nonzero finite measure supported on K C We also assume that d v E < on 

We then have the following theorem. 

Theorem 2.17. Suppose Q,K,E are as in condition (Annul.). Then 

(i) For all u G H l (£l) with u — on 80,2 we have 

[ \X7u\ 2 dx > - f ^^u 2 dx. (59) 
Jn 4 J n E 

Moreover the constant is optimal and not attained if we assume that E — on dQ,2 ■ 

(ii) For all u G ff 1 (0) with u = on dfl2 we have 

f \Vu\ 2 dx > \ [ ^u 2 dx + \ [ ^dS(x). (60) 

Proof. The proof of (|59p and (|60|) is similar to the previous theorem so we omit the details. We now show 
the constant is optimal. Let Hq (ttUdtti) denote {u G i^ 1 (SI) : u = on 9S12}- Again we multiply — AE = [i 
by E 2t ~ x for | < t < 1 and integrate over S7 to obtain 

(2t-l) f E 2t ~ 2 \VE\ 2 dx = - f d v EE %t - l dS{x), 
Jn Jon t 
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which shows that E l 6 Hq (ft U dfli). From this one obtains 

Um(2i-1) / E 2t - 2 \WE\ 2 dx = /i(Oi) > 0, 

which shows that E% ^ TJq (fi U dfli). To see the constant is optimal one uses the same minimizing sequence 
as in the previous theorem. To see the constant is not attained one uses the fact that E* £ H^(Q U dfli). 

□ 

Remark 2.6. These inequalities have analogous weighted versions and using the methods developed earlier 
one easily obtains results concerning improvements. We leave this for the reader to develop. 

2.6 The non-quadratic case 

For 1 < p < n we define Ca, p (E) :— — div(\V E\ p ^ 2 AV E) . As mentioned earlier Adimurthi and Sekar [AS] 
obtained generalized Hardy inequalities of the form 

jf \Vu\ p A dx - ' J a ^f^M P ^ > 0, (61) 

where u £ Wq ,p (Q). There approach (as their title suggests) was to look at functions E which solve 

C A , P (E) = 5 Q in ft 
E = on dft, 

where € ft and where Sq is again the Dirac mass at 0. 

They posed the question (see [AS]) as to whether (^y-) p is optimal in (I61|l? The next theorem shows this 
is the case (at least for 1 < p < n); infact we show the result for a more general case. 

Interior case 

Suppose /i is a nonnegative nonzero finite measure supported on K C ft, dimi> ox (K) < n — p (and hence 
^(ftXK) is dense in W^ p (ft)) and < E is a solution of 

£a, p ( e ) = M in n - ( 62 ) 

By regularity theory (see [D], [T]) there is some < a < 1 such that E 6 C l cr (ft\K) and by the maximum 
principle (see [V]) E > in fi\K. Now if we assume that /j, = Sq, as was the case in the question posed in 
[AS], then one can show E(0) = oo. 

Theorem 2.18. Suppose E is as above but we don't assume that E — oo on K . 

(i) Then 

J a |V«|> > {^) P j n l ^H P dx, (63) 

for allue Wo' p (ft). 

(ii) Suppose E = oo on K and E — 7 on dft where 7 is a non-negative constant. Then the constant in 
i63\) is optimal. 
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Proof, (i) Let u £ C^(n\K). Then V^ 1 ^ = {l-p)E~PVE and dotting both sides with \VE\ P A 2 AVE\u\ p 
and integrating over O gives 



S^^IV-E^AV-E ■ P \u\ p - 2 uVudx 

= - [ E^lVEf^AVE ■ p\u\ p - 2 uVudx, 
Jn 

where we used the divergence theorem and also the fact that u = on K. Now using the Cauchy-Schwarz 
inequality on the inner product induced by A(x) we see that 



P Jn Ep 1 1 -J n Ep- 1 1 |A 

and we now apply Holder's inequality on the right after recalling (p — = f> where p' is the conjugate of 
p. Now use density to extend to all of Wq ,p (VL). 

(ii) We first consider the case 7 > 0. We begin by showing that u t ■— E 1 — 7* £ W ' p (fl) for < t < p +^-. 
Fix < t < and multiply fl52J) by E tp - p+1 and integrate over ft to get 

0= f E tp - p+1 d^ = {tp-p+l) [ \\7E\ 2 A E t P-Pdx~ 1 t P-P +1 f \\7 E\ P A 2 A\7 E ■ vdH 71 - 1 
Jn Jn Jon 

= (tp-p+l) [ \VE\ 2 A E tp -Pdx- 1 tp -P +1 [ div(\VE\ p A 2 AVE)dx 
Jn ' Jn 

= (tp-p+l) f \VE\ 2 A E tp - p dx + ~f tp - p+1 p(n), 
Jn 



where the first integral is zero since E = 00 on K and tp — p + 1 < 0. Re-arranging this we arrive at 

NEH^dx 



p — tp — 1 



from which we see that E* £ W 1,p (Cl) for < t < ^— and we also see that 

lim [ \VE\ p E tp - p dx = oo. 

Put t as above and set Ut :— E f — 7* € W Q ,p (fl). By the binomial theorem we have 

00 

(l+x) p = £>,m)s™ 

for all \x\ < 1 where (p,m) are the binomial coefficients. One should note that (p,m) is eventually alter- 
nating and since we have convergence at x — —1 we see that V (p, m)(— l) m converges; which shows that 
J2 m \ {Pi m )l < 00. Now we have 

7* 



M p = E tp \i~^- t \ 



£ tp E(p> 



(-1)"V 

TO 



E tr, 



27 



and we define 



So 



Q 



J n \Wu t \ p A dx 



and so 



1 _ In l^Ef^-P (E~ =1 (p,m)(-ir^) 



\ Qt ~^\ - pl^\\p> m )\ rfvEKE^dx 

m=l Jii 1 1/1 

1 1/ s| p-tp-1 



tP^ 1 ^' ''p-ip-l + im 

rn— 1 



p - tp - 1 ^ I (p, m) 



< 



hi 



and so we see that 



m—1 



lim |Q t - i| = 0, 



which shows the constant in (|63[) is optimal. 

Now we handle the case 7 = 0. Let Ca, p {E) — [i in and £7 = on 0f2 and define £7 e := e + E where e > 0. 
Then Z^pCE^) = // in fi and £7 e = e on 951. For u 6 C^°(0) non-zero we have, after some simple algebra, 



□ 



which shows the constant is optimal in the case of 7 = 0. 
Boundary case 

Analogously to the quadratic case we will be interested in the validity of (ffj5]) when E is a solution to 

Ca, p (E) = fj, in 0, 
E = on dfl 

where /i is a nonnegative nonzero finite measure and where we impose some added regularity restrictions to 
E or fj,. Recall in the quadratic case we added the condition that E E ffg(O). For simplicity we will assume 
that fi is smooth; say d^t = fdx where < / <E C°°(Ci) is non-zero. One can show that E S C l a (fl) for 
some < a < 1. 

Theorem 2.19. Suppose E is a positive solution to Ca, p (E) = // in il where fi is as above, 
(i) Then 
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P_jy [ ]^A\ u \P dx < J |Vu|*da:, ( 6 5) 



for all u £ W ,p (Cl). Since fi is a measure we have 

-iy r \ve 

P J In Ep 
for allue Wq' p (Q). 

(ii) Suppose E = on dQ. Then H65\) is optimal. 

(Hi) Suppose E = on d£l. If one fixes the optimal constant from part (ii) then the other constant is also 
optimal in \64\ ) ie. 



fjV<^-(B-l) f n ^\u\P dx ) (v _ x 

mf { H p :ueW ' p (n),u ^O^-i 

Jo "ei^t""^ 

Proof, (i) Suppose E is a positive solution to Ca. p {E) = fi in fl and let u £ C£°(f2). From the proof of 
thcorcm l2.18l we have 

(P-1) JJ^\ufdx + Jj^d* = p j¥^AVE.Vu\ur\dx 



Now let g denote p' and 



1 1 ./o Ep 

Using Young's inequality with t > we arrive at 

( ^—^-B + — < B«Dp < tB + C(t)D, 
P P 

where 

C(t) :=p- 1 q = ft : f, 

and so 

1 J " 1 t ) n - -r p. 



c(t) V p J pc(t) 

for all t > 0. Picking t — q 2 gives the desired result. 

(ii) Let f > 2^-, multiply Ca. p (E) = [i by E tp ~ p+1 and integrate over SI to obtain 

/ E tp - p+1 dfi= (tp-p+1) [ \VE\ p A E tp ~ p dx, (66) 
Jo Jo 

which shows that G W^ p (fl) for p > If one uses as a minimizing sequence u t := E 1 * and sends 

£ \ they immediately see that (J53J) is optimal. 

(iii) Again one uses it* :— E l and sends t \ -^j. The result is immediate after using ([66]) . 

□ 

An important example is when A(x) is the identity matrix and E(x) = d(x) := dist(x, dQ) so |V<5| = 1 
a.e.. Then £a, p (S) — — div(\ VS\ P ~ 2 5) = —AS =: [i which is non-negative if we further assume that il is 
convex. In this case we have the L p analog of ([5]): 



29 



Corollary 2.3. Suppose ft is convex and 6(x) := dist{x,dQ). Then for 1 < p < oo and u e Wq 1,p (£1) we 
have 

where dfj, := — ASdx. Moreover all constants are optimal. 

One can view the second inequality as an improvement of the first. 
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